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Figure 1: A definition sketch of the problem.

The solid under study is considered in a state of plane strain, occupies �L  x  L,�• < y  0

and is split in two distinct regions. The upper region �L  x  L,�h  y  0 represents an

inhomogeneously elastic coating with a shear modulus that varies with the vertical coordinate

but is assumed locally isotropic in the horizontal direction, whilst the lower region �L  x 

L,�• < y < �h represents a homogeneous elastic substrate. The shear modulus within the solid

is represented as

µ(y) =

8

>

>

>

<

>

>

>

:

µ1eay
, �h  y  0,

µ0, �• < y < �h

(1)

It is assumed here that the shear modulus is continuous across the interface between the two layers

and thus a simple calculation gives µ1 = µ0eah. The Poisson ratio denoted n is assumed constant
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Figure 5: Surface deflection v(x,0) over the dimensionless contact region [�3,3]

Figure (5a) shows the surface deflection v(X ,0) for the soft coating µ1/µ0 = 0.25 and fig-

ure (5b) shows the deflection for the hard coating µ1/µ0 = 2 subject to the different thicknesses

ĥ = 0.1,0.5,1. These graphs show that the softer coating experiences a greater deflection than the

harder coating which becomes more exaggerated as the thickness of the coating increases. Con-

versely, the harder coating experiences less deflection as coating thickness increases. These results

are intuitively correct and serve as an initial check on the behaviour of the solutions given in this

work.

5.2. Convergence study

In addition to determining an appropriate value of L̂, we must determine a suitable value of N

so as to ensure that our solution is accurate. In order to do this, we consider plots of the maximum
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Figure 3: Applied pressure p(x) over the dimensionless contact region [�3,3]

5.1. Choosing the optimal value for L̂

The ability to choose a suitable length interval over which to solve the contact problem is vital

to the success of this method. The underlying assumption in the derivation of this model is that

the stresses within the solid resulting from the application of surface pressure decay very quickly

away from the contact region and hence only a small piece of the solid is affected by the contact

pressure. We have taken the dimensionless length of this piece of the solid to be 2L̂.

The greatest challenge in implementing the solution method described here is determining an

appropriate value of L̂. It should be observed that whilst the predicted solution is likely to become

more accurate as L̂ increases, the computational time will increase as well. Therefore, the optimal

value of L̂ is a compromise between accuracy and computational expense.

Figure (4) shows the maximum dimensionless principal stress max(t1/p0) plotted against L̂ for

three different coatings µ1/µ0 = 0.25,0.5,2 of three different thicknesses ĥ = 0.2,0.5,1. It may be

seen that max(t1/p0) converges as L̂ increases and in particular choosing L̂ = 8 leads to solutions
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